Tamsui Oxford Journal of Mathematical Sciences 19(1) (2003) 1-12
Aletheia University

Characterizations of Real Hypersurfacesina
Complex Space Form in Terms of Lie Derivatives

Tee-How Loo
School of Arts and Science, Tunku Abdul Rahman College, P. O. Box 10979,
50932 Kuala Lumpur, Malaysia

Received October 17, 2001, Accepted December 21, 2002.

Abstract

In this paper we study real hypersurfaces M in a non-flat complex
space form by using the Lie derivatives on M.
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1. Introduction

Let M,(c) be an n-dimensional complete and simply connected non-flat
complex space form with constant holomorphic sectional curvature 4c. Then M (c)

is either a complex projective space CP" (for ¢ > 0) or a complex hyperbolic space
CH" (for ¢ < 0). For convenience, we assume that ¢ = 1 for CP", and c=-1 for
CH". Let M be a real hypersurface in M, (c). Then M has an almost contact metric
structure (¢, & n, (,)) induced from the complex structure J of M, (c). Typical

* 2000 AMS Subject Classification: 53825, 53C40.



2 Tee-How Loo

examples of real hypersurfaces are the six model spaces of type A, A,,B,C, Dand E

in CP", and the four model spaces of type Ay, A;, A, andBin CH".

One of the most interesting problems in the study of real hypersurfaces M in
M, (c) is to obtain characterizations of these model spaces. In particular, many

differential geometers characterizes M by using Lie derivatives on M (cf. [5], [9]).
The purpose of this paper is to continue the study of real hypersurface M in M (c)

along this line.

This work was done under the supervision of Dr. S. H. Kon at the University of
Malaya and will form part of the author’s thesis to be submitted for the Ph.D. degree.

2. Preliminaries

Let M be an orientable connected real hypersurface in M,(c), n>3, and let N

be a unit normal vector field on M. Denote by V and V respectively the Levi-Civita
connection on M,(c) and that induced on M. Then the Gauss and Weingarten

formulas are given respectively by

VY =VyY +(AX,Y)N

Vy N =-AX
for any vector field X and Y tangent to M, where (,) denotes the Riemannian metric of
M induced from the Riemannian metric of M, (c) . Now, we define a tensor field ¢ of
type (2,1), a vector field & and a 1-form 7, by

IX=gX +n(X)N, IN==£

where ¢X is the tangential part of JX. Then it is seen that (£, X) = #(X) . Furthermore,
the set of tensors (¢,&,7,(,)) is an almost contact metric structure on M, i.e., they
satisfy the following

PEX ==X +n(X)E, $£=0, n(@X)=0, n(£)=1. (2.1)
The covariant derivatives of the structure tensor are given by
(Vi @)Y =n(Y)AX —(AX,Y)E, Vy&=gAX. 2.2)
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A real hypersurface M is said to be totally z-umbilical if
AX =aX + bn(X)&

for any vector field X tangent to M, where a and b are some functions on M. An
eigenvalue of the shape operator A of M is called a principal curvature and a
principal curvature vector is an eigenvector of A. A real hypersurface M in M, (c) is

called a Hopf hypersurface if the structure tensor field & is principal. The
holomorphic distribution D on M is defined as follows
Dy={X e TM| n(X)=0}; xeM.

In what follows, we say that a real hypersurface M is of type A when it is one of
type Ao, A; or A;; and we denote by T'(V) the module of all differentiable sections on
the vector bundle V over M. Next, we recall some known results for later use.

Theorem 2.1. [4] Let M be a real hypersurface in CP". Then M is a Hopf
hypersurface with constant principal curvatures if and only if it is locally congruent to
a tube of radius r over one of the following spaces:

(A1) hyperplane CP"™*, where 0 <r < 7/2,

(A;) totally geodesic CPP (1<p<n-2),where0<r< /2,

(B)  complex quadric Q,_;, where 0 <r < /4,

(C) CP*xcP™D'2 where0<r< z/4andn (=5)is odd,

(D)  complex Grassmann G, 5, where0<r<z/4andn=9,

(E)  Hermitian symmetric space SO(10) / U(5), where 0 < r < z/ 4 and n = 15.

Theorem 2.2. [1] Let M be a real hypersurface in CH" . Then M is a Hopf
hypersurface with constant principal curvatures if and only if it is locally congruent
to one of the following spaces:

(Ao) ahorosphere;

(A1) ageodesic hypersphere CH % or a tube over a hyperplane CH n-1.
(A;) atube over a totally geodesic CHP (0<p<n-2);
(B)  atube over atotally real hyperbolic space RH".

Theorem 2.3. [8, 10] Let M be a real hypersurface of M,(c). Then M is locally
congruent to one of real hypersurfaces of type A if and only if gA=Ag.
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Theorem 2.4, [7, 11] Let M be a real hypersurface in M, (c). Then M is totally 7-

umbilical if and only if it is locally congruent to one of real hypersurfaces of type Ag
and A;.

Proposition 2.5. [2] Let M be a real hypersurface in M, (c) . If the structure vector &
is principal then the corresponding principal curvature « is constant.

Now, suppose M is a Hopf hypersurface in M (c) and A& = a&. Then we have
[3]
2APA = 2ch + a gA + Ag). (2.3)

V;Az%(qﬁA—Aqﬁ). (2.4)

Now, let X e T'(D) be a principal curvature vector corresponding to the principal
curvature A, namely, AX = AX. Then it follows from (2.3) that

(24— aQ)AgX = (ad + 2C)¢X. (2.5)
Let us consider the open set
G={xeM|(21- a)(x) =0}
It turns out that on such a set G, ¢X is also a principal vector, i.e.,

AGX = TgX /.L:a/1+20

2-a

(2.6)

Note that in the case ¢ > 0, the set G = M. Next, suppose that ¢ = -1 (¢ < 0) and
that the principal curvature A is constant on the subset G. For each point x ¢ G, (1.5)
implies that o4 — 2 = 0. Hence o = £2 and A = +1. Since M is connected, G is either
an empty set or coincides with M. If G is empty, then 4 = +1 and since M is
connected, A is a constant defined on the whole of M, and of course, A is constant
when G = M.

Remark 2.1. By using a similar argument as above, if 1 takes only finitely many
values on the open set G then it is a constant on M.
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3. Characterization of Real Hypersurfaces of Type B

In [5], Kimura and Maeda obtained a characterization of real hypersurfaces of
type B in CP", namely, they showed the following:

Proposition 3.1. Let M be a real hypersurface in CP". Then the following are
equivalent:

(1) &is principal and (L:$)? = —k?¢*, where k is a non zero constant;

(2) M is locally congruent to a real hypersurface of type B.

In fact, we shall show in the next proposition that the condition “£is a principal
vector” of Proposition 3.1 can be dropped, and that this result is also true when the

ambient space is CH". Namely, we prove the following:

Proposition 3.2. Let M be a real hypersurface in M, (c). Then the following are
equivalent:
(1) (Le¢)* =—k?¢?, where k is a non zero constant;

(2) M is locally congruent to a real hypersurface of type B.
Proof. Forany X e I'(TM), by using (2.1) and (2.2) we have

(Leg)X =[&,#X]1-¢l£, X]
=(Ved)X =V S+dV <
=n(X)AE —gAPX — AX .
Therefore
(Leg)? X =n(XIn(AE)AE —n(AX)AE = (X )A%E + AP X + AgAGX
—n(X)PAGAE + JAPAX + ¢A¢2A¢X
= n(X){(AE)AE - A2E — gAGAE}+ n(APX )AL +T 2 X
where T = ¢A — Ag. From this equation, we see that (L-¢)* = —k°¢? is equivalent to

T2X =(gAE, X)PAE + (X )H —k2g%X (3.1)
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where H = gAgAL + A2§—77(A§)A§. By taking inner product with Y e I'(TM) we
get

(T2X,Y) = (RS XNPAEY) + (X )(H,Y) —k*(#?X,Y).
Together with the fact that T 2 s symmetric, we obtain
n(Y)(H, X)=n(X)(H.Y).
By putting Y = £ in the above equation we see that
(H,X)=n(H)X&, X), forany X e I'(TM)
which implies that H is proportional to & Thus,
H = n(gAgAE + A% (A AS)E =|gAs s =V I ¢
where V = ¢A<. Therefore, (3.1) becomes
T2X =V, XV +||V | n(X)é—k2p?X . (3.2)
By putting X = £in (3.2) we obtain
TEAVIEE. (3.3)
On the other hand, we have
T25=T(fA-APE=TV .
From which, together with (3.3), gives
TSV IPTE VY.
Now, if we put X =V in (3.2) then
T VPV +k?V .

These equations show that V = gA& = 0 (since k = 0), which means that £ is principal,
say A& = a&. If ¢ > 0 then our statement follows from Proposition 3.1. Now suppose
that c = -1 < 0. Since &is principal (or V = 0), (3.2) reduces to

T2X =—k2¢°X
namely,

PAGAX — Ap2AX — gAZIX + AgAPX = k22X .
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Let X e T'(D) be a principal curvature vector with principal curvature A. On the open
set G, by (2.6) we have

(A-2)? =k? (3.9)

Therefore, A takes only finitely many values on G and so it is constant on M. By
virtue of Theorem 2.2, M is locally congruent to one of real hypersurfaces of type A
and type B Moreover, (3.4) shows that A — A4 =0 or equivalently, gA — Ag = 0, hence
Theorem 2.3 implies that M is not of type A. Now we consider M of type B (which is a
tube of radius r > 0). Then M has at most three distinct constant principal curvatures
a=2tanh2r, 4; =tanhr and A, =cothr (cf. [1]). Since N, =V, (3.4) gives

4
sinh?2r
Therefore, we can choose an appropriate k for real hypersurface of type B.

k? = (tanhr —cothr)? =

4. Characterization of Real Hypersurfaces of Type A

Let M be a real hypersurface of type A in M, (c) . Then it follows from Theorem
2.3 that, M naturally satisfies L:(¢A— Ag)=0. In this section, we study the converse

problem. Namely, we shall give another characterization of real hypersurfaces of type
A under the condition L (¢A—Ag)=0.

Proposition 4.1. Let M be a real hypersurface in M,(c) and let T = ¢A — Ag. Then
Mis locally congruent to one of real hypersurfaces of type A if and only if L. T =0.
Proof. Forany X € I'(TM), we have

(LT)X =[£,TX]-T[§, X] = (V. T)X — gATX + TgAX .
It follows from (2.2) and the above equation that L.T =0 is equivalent to
PATX —THAX = (V. J)AX + (V. A)X = (V A)gX — A(V .¢) X
= (VA X —(VAPX +20(AX)AE - (A*X)E - n(X)A%E.
By taking the inner product with Y e T'(TM), the above equation becomes
(PATX,Y) —(TgAX,Y) =(d(V A) X, Y) =((VA)gX.Y) + 2n(AX)n(AY)
=n(Y)n(A*X) = n(X)n(A%Y). (4.1)
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On the other hand, we see that
(GATX, Y)Y =(THAX,Y) = (AgX, AgY ) — (gAX , gAY ).
Thus, (4.1) reduces to

(AGX, APY ) = (PAX, gAY ) =((VzA) X,Y) ={(V A)X.Y ) + 2n(AX ) (AY)
=70V )n(A*X) = n(X)n(AY). (4.2)
By putting X =Y = £in (4.2), we obtain (gA&,#AE) =0. In other words, the structure
vector field £is principal, say A& = a&. Hence (4.2) can be reduced to
(AGX, AGY ) = (JAX, gAY ) = (H(V s A)X,Y) = ((V - A)pX,Y).

By letting Y = X € I'(D) in the above equation and in view of (2.4), we get
(A@X, AgX ) —(gAX, pAX ) = {(AgX , X ) —(AX, X)}.

Now, let X e T'(D) be a unit vector with AX = AX and let us restrict our discussion to
the subset G at the moment. Then it follows from (2.6) that the above equation gives

(A -2)(A+A-a)=0. (4.3)

In the following, our discussion is divided into two cases (I) ¢ = 1
(M,(c)=CPM)and (Il)c=-1 (M (c)=CH").

Case (I): We first note that G = M in this case. Next, by (2.6) we can see that

ad+2 222 — 200+ +2
= +A-a = #0.
21—« 2—«a
Consequently, we must have 1 = 4, which is equivalent to ¢A = A¢ and we conclude
that M is locally congruent to one of type A according to Theorem 2.3.

A+l-a

Case (I1): In this case, (4.3) implies that A is constant on M. Hence, Theorem 2.2
asserts that M is locally congruent to either one of type A or type B. As an immediate
consequence of Theorem 2.3, we see that the rest of the proof is to show that a type B
real hypersurface M does not satisfy L:(¢A—Ag)=0.

Let M be locally congruent to one of type B. Then M has at most three distinct
constant principal curvatures o, 4, and A, (as in the Proof of Proposition 3.2). Now

we set A =tanhr (= 4;). Then 1 =cothr since N, =V, It follows that

A1 —A=cothr—tanhr = 0.

sinh 2r
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A+ A —a =cothr +tanhr — 2tanh 2r = 2(coth 2r —tanh 2r) # 0.
Hence M does not satisfy (4.3) and this completes the proof.

5. Characterization of Model Spaces

We first prove the following:

Proposition 5.1. Let M be a real hypersurface in M,(c) . Then M is locally
congruent to one of type A, A; and B if and only if

dA+Ap —kg=0 (5.1)
for some non zero constant k.

Proof. From (5.1) we obtain gA& = 0. Namely, £ is principal (say A¢ = ). For any
X e T'(D) with AX = AX and at any point x in G, we have

A+A4-k=0
or

2?—ki+c+%?=0. (5.2)

Therefore, A is constant on M and at most two A are distinct. So we conclude that M is
locally congruent to either one of real hypersurfaces of A or B. Next we shall check
for each case one by one:

Let M be locally congruent to one of type A. Then by Theorem 2.3 and (5.1) we
get

2A$ —kp=0

that M is locally congruent to one of type Aq or A; (by Theorem 2.4).

Now, let M be locally congruent to one of type B. Then M has at most three
distinct constant principal curvatures «, A; and A; (as in the Proof of Proposition 3.2),

it is clear that A; and A, are the solutions of (5.2) for k = —ﬁ .
o
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From the proof of Proposition 5.1, we have the following.

Corollary 5.2. Let M be a real hypersurface in M, (c) . If = n(A&) is nowhere zero,
then M is locally congruent to one of type B real hypersurfaces if and only if

s Agr 0.
o

Remark 5.1. Proposition 5.1 was proved by Kon [6] for ¢ > 0.
Now, we prove the main result in this section.

Theorem 5.3. Let M be a real hypersurface of M, (c) and let Q = ¢A + Ag — kg,
where k is a nonzero constant. If M satisfies L-Q =0 then it is locally congruent to
one of the model spaces A, B, C, D and E.

(L.Q)X =[£,QX]-Q[&, X] = (V.Q)X —gAQX + QpAX .

On the other hand, we see that

#AQ — QA = A% — Ag*A-K(gAd— p°A).
Thus L,Q =0 is equivalent to

[4A%— Ag® A—K(gAg—$° AIX = (V. Q)X . (5.3)
Since Q is skew-symmetric, ((V:Q)X, X) =0 and so (5.3) implies that

(A%~ Ag? A—K(gAg—$° A)IX, X) =0.
By putting X = £in the above equation, we obtain

(PAE,PAE) =—(AF*AE,E) =0.
Thus, we have A& = a&. From which, together with (2.2) and (2.4), (5.3) becomes
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[pA%0— Ap> A—K(gAG—° A)IX = (V) AX +d(V 2 A) X +(V s A)gX

+ AV )X —K(V e4) X

= @2A-Ag)X. (5.4)

Now, we note that L:Q =0 is equivalent to “AS= a&and M satisfying (5.4)".

Next, let X e I'(D) be a unit vector with AX = AX and let us restrict our
discussion to the subset G at the moment. Then by using (2.5) and taking account of
(5.4), we obtain

(A-Z)(A+7 —k)=0. (5.5)

This implies that A is constant on M. Thus Theorem 2.1 and Theorem 2.2 assert that M
is locally congruent to one of the model spaces. As an immediate consequence of
Proposition 5.1, the conditions L:Q =0 hold for any real hypersurface of type Ao, A:

and B. On the other hand, it follows form Theorem 2.3 that a real hypersurface of type
A, satisfies (5.4).

Finally, let M be locally congruent to one of type C, D or E in CP". Set
t=cotr (0<r<%).

Then M has five distinct constant principal curvatures (cf. [11]):
1 1 1+t t-1
a:t_? M =t, /Izz—{, /13:E' 4=

Let X e V,lj (=1, 2). Then we have gAX = A¢X or /11- = /Tj. Hence, /‘Lj is a solution
of (5.5). Now, for X evlj (1=3,4),since ¢V 1, =V, we have

4t 4

Ai+Ai=Ag+ Ay = =——.
ptAi=Aa+ 1—t2 a

Therefore, 4; is a solution of (5.5) when k = —i Accordingly, we conclude that M
(24

satisfies the condition L-Q=0.
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